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The study of black hole physics revealed a fundamental connection between thermodynamics,
quantum mechanics, and gravity. Today, it is known that black holes are thermodynamical objects
with well defined temperature and entropy. Although black hole radiance gives us the mechanism
from which we can associate a well defined temperature to the black hole, the origin of its entropy
remains a mystery. Here we investigate how the quantum fluctuations from the fields that render
the black hole its temperature contribute to its entropy. By using the exact renormalization group
equation for a self-interacting real scalar field in a spacetime possessing a bifurcate Killing horizon,
we find the renormalization group flow of the total gravitational entropy. We show that throughout
the flow one can split the quantum field contribution to the entropy into a part coming from the
entanglement between field degrees of freedom inside and outside the horizon and a part due to the
quantum corrections to the Wald entropy coming from the Noether charge. The renormalized black
hole entropy is shown to be constant throughout the flow while the balance between the effective
black hole entropy at low energies and the infra-red entanglement entropy changes. A similar
conclusion is valid for the Wald entropy part of the total entropy. Additionally, our calculations
show that there is no mismatch between the renormalization of the coupling constants coming from
the effective action or the gravitational entropy, solving an apparent “puzzle” that appeared to exist
for interacting fields.
I. INTRODUCTION
The discover of Hawking effect [1] unveiled a deep con-
nection between black holes, quantum mechanics, and
thermodynamics. In particular it made manifest that,
when quantum effects are taken into account, black holes
can be seen as real thermodynamic systems with temper-
ature
TH =
~cκ
2pikBG
(1)
and entropy
SBH =
kBc
3ABH
4G~
, (2)
where κ is the surface gravity of the black hole [2], ABH
is the area of its event horizon, and kB, c, G, and ~ are
the Boltzmann constant, speed of light, Newton constant,
and Planck constant, respectively.
If on the one hand such discovery enriched our under-
standing of the nature of gravity and black holes, on the
other one it raised new and intriguing questions concern-
ing the quantum behavior of such objects. Among such
puzzles, a special place is held for the question of what
is the microscopic origin of the Bekenstein-Hawking en-
tropy. We note that, although the appearance of G, c,
and ~ in Eq. (2) suggests a quantum gravitational origin
for the entropy, it does not gives us any hint of what de-
grees of freedom are being counted nor where they are
located at. In fact, despite the numerous attempts to
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derive Eq. (2) from first principles using all kind of quan-
tum gravity theories proposed over the years, the origin
of the entropy of black holes remains elusive [3, 4]. This
has led many researchers to suggest that the Bekenstein-
Hawking entropy may have a more familiar origin.
As it is well known from the Hawking effect, the parti-
cle creation with thermal spectrum for all type of quan-
tum fields is the key ingredient responsible for associating
a temperature to the black hole. Thus, one can expect
that, if not all, at least part of its entropy has the same
origin, i.e., it comes from the quantum fields present in
the black hole spacetime. Considering the causal struc-
ture of such spacetimes and the nature of Hawking radi-
ation, it has been suggested that the black hole entropy
could be explained by the entanglement between fields
degrees of freedom inside and outside the black hole, the
so-called entanglement entropy of black holes [5]. As the
event horizon precludes an external observer of having
access to all information about the state of the system,
they will describe the field’s state as a mixed state ρˆout
which in turn will render the von Neumann entropy
Sent ≡ −Tr(ρˆout log ρˆout) (3)
a nonvanishing value. Here, if |ψ〉 is the total state of the
field, ρˆout ≡ Trin|ψ〉〈ψ| is the density matrix obtained
after tracing out the field degrees of freedom inside the
event horizon. As the total state |ψ〉 is pure, Eq. (3) mea-
sures the entanglement between field degrees of freedom
inside and outside the black hole.
When one compute Eq. (3) in the context of quan-
tum field theories (QFTs) one obtains a divergence whose
leading order term follows an area law. For example,
the leading divergence for the entanglement entropy of a
minimally-coupled free scalar field in a four-dimensional
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2black hole spacetime is given by
Sentdiv() =
ABH
48pi2
+ . . . , (4)
where  is an ultra-violet (UV) cutoff introduced to reg-
ularize the entropy. The next-to-leading order term is
logarithmic divergent and it is represented by the dots
in the above expression [6]. Such divergence is a com-
mon feature to almost all QFTs and its physical origin
is the existence of arbitrarily short-distance correlations
between the degrees of freedom inside and outside the
black hole.
Within the scope of semiclassical gravity, the
Bekenstein-Hawking entropy can be seen as a tree-level
contribution [7] while, as was pointed out by Callan
and Wilczek in [8], the entanglement entropy can be
interpreted as the first quantum correction to the to-
tal black hole entropy. However, all particle species and
their interactions contribute to Eq. (3), which makes Sent
dependent on the number of fundamental fields. The
Bekenstein-Hawking entropy, in turn, depends only on
the physical value of Newton constant G. This is the
so-called “species problem” and it can be solved in a
natural manner if the renormalization of the divergences
appearing in the entanglement entropy, Sent, match the
renormalization of Newton constant G. This, in fact,
turns out to be the case for minimally-coupled free scalar
and spinor fields [5]. For gauge fields [5, 9–11] and non-
minimally coupled scalar field [12], there appears to be a
discrepancy due to the appearance of an extra “contact”
term in the divergence of 1/G when compared to the di-
vergence of the entanglement entropy. For the scalar field
case, which we will be more interested in the present pa-
per, if there is a non-minimal coupling ξRφ2 between the
quantum field φ and the Ricci scalar curvature R, the
leading-order divergence for the entropy is given by [12]
Sξdiv() =
ABH
8pi2
(
1
6
− ξ
)
+ . . . , (5)
where ξ ∈ R. This extra contact term appearing due
to the non-minimal coupling does not have a statistical
interpretation in terms of the von Neumann entropy. In
fact, depending on the value of ξ, Eq. (5) can become
negative. Nevertheless, as pointed out by Donnelly and
Wall [11], due to the presence of such non-minimal cou-
pling, the classical gravitational entropy must be seen as
Sgrav =
ABH
4G
+ Swald, (6)
where
Swald ≡ −2piξ
∫
Σ
√
γd2xϕ2(x) (7)
is the Wald entropy [13], with Σ being the event hori-
zon bifurcation surface and γ is the determinant of the
induced metric on Σ written in coordinates x covering
the bifurcation surface. As a result, they have shown
that the contact term is in fact a quantum correction to
Wald’s entropy while the usual divergent area term gives
the leading entanglement entropy correction to the black
hole entropy.
Unfortunately, this nice picture appears to break down
when one considers a self-interacting and non-minimally
coupled scalar field. In [14] it is argued that an inter-
action does not affect the leading order UV divergence
in the entropy, which remains equal to the one given in
Eq. (4). The effect of a φ4 self-interaction appears only
in the sub-leading logarithm term as
Sentdiv() =
ABH
48pi2
+
λ
24pi
log 
∫
Σ
√
γd2xϕ2(x), (8)
where ϕ = 〈φ〉 is the classical field and λ is the self-
interaction coupling constant. This leads again to a mis-
match between the renormalization of the coupling con-
stants (now ξ) and the divergence of the entropy [5, 14].
The renormalization of ξ, which is known to be given
by [15]
ξren = ξ − λ
8pi2
(
1
6
− ξ
)
log , (9)
will not render the total entropy Sgrav + Sentdiv() finite.
This poses a serious difficulty in trying to explain the
black hole entropy by means of the entanglement entropy.
In the present paper, we will investigate the possi-
bility of interpreting (at least part) of the Bekenstein-
Hawking entropy as coming from the entanglement en-
tropy by looking at the problem through a (somewhat)
different angle. Instead of dealing with UV divergences
throughout the calculations, it would be more interest-
ing if we could study the entropy using only manifestly
finite quantities. In order to do so, we will make use of
the exact renormalization group (ERG) [16, 17], which
employs the introduction of an arbitrary variable infra-
red (IR) energy cutoff k2 in the theory that will allow
us to divide the field modes in terms of high-energy and
low-energy modes. When high-energy modes are inte-
grated out, we will obtain an effective field theory for the
modes below k2 described by a k-dependent effective ac-
tion, also known as effective average action (EAA). This
EAA interpolates between the full quantum effective ac-
tion, when k → 0, and the bare action, when k → ∞.
The advantage to use the EAA is that it satisfies an exact
renormalization group equation (ERGE) from which one
can obtain the flow equations of the couplings directly.
In addition, by using this formalism, it will be possible
to analyze how the balance between the effective gravi-
tational entropy and its quantum corrections changes as
one varies k and how this influences the total gravita-
tional entropy.
This approach to study the entanglement entropy of
black holes was first used by Jacobson and Satz in [18].
There, they have studied the (on-shell) flow of the grav-
itational entropy for minimally-coupled free scalar field
theory in an Euclidean Schwarzschild black hole. Here,
3in turn, we take a step further to address the (off-shell)
case of a non-minimally coupled self-interacting scalar
field theory in spacetimes possessing a bifurcate Killing
horizon. By analyzing the ERGE for the total gravi-
tational entropy, we will show that (1) there will be a
well-behaved balance between the effective gravitational
entropy at a scale k and its quantum corrections below k
and (2) the renormalization group (RG) flow of the cou-
pling constants coming from the effective action matches
exactly the RG flow of the coupling constants coming
from the entropy, solving the apparent problem that it
was believed to exist in the interacting case. As a re-
sult, even for a self-interacting and non-minimally cou-
pled scalar field, the entanglement entropy is a viable
description of the origin of the Bekenstein-Hawking en-
tropy.
The paper is organized as follows. In Sec. II we review
the conical method used to compute both the classical
gravitational entropy and the entropy associated with the
quantum fluctuations of the field. In Sec. III we will de-
rive the ERG flow for the gravitational entropy. Then,
in Sec. IV, we take the 1-loop approximation of the ERG
flow to show how the total entropy is divided into an
effective entropy at a scale k and a quantum contribu-
tion coming from modes below k and how the balance
between such contributions changes as k is varied. In
addition, we solve the apparent mismatch between the
renormalized non-minimal coupling and entropy renor-
malization and show that, once the QFT is renormalized,
the entropy comes out automatically finite. We summa-
rize our conclusions in Sec. V. We adopt metric signature
(−,+,+,+) and natural units, ~ = c = kB = 1, unless
stated otherwise.
II. THE CONICAL METHOD AND THE
ENTANGLEMENT ENTROPY
Let us consider a globally hyperbolic spacetime
(ML, gLab), where ML is a four-dimensional manifold
equipped with a Lorentzian metric gLab, containing a bi-
furcate Killing horizon h ≡ hI ∪ hII with bifurcation
surface Σ = hI ∩ hII [19]. The horizon h divides the
spacetime into four wedges with wedge I,
WI ≡ I− (hI) ∩ I+ (hII) , (10)
and wedge II,
WII ≡ I+ (hI) ∩ I− (hII) , (11)
being defined as the causally disconnected regions exte-
rior and interior to the horizon, respectively (see Fig. 1).
Here, I+(S) and I−(S) indicate the chronological future
and past of a region S ⊂ML, respectivelly [2].
In such spacetimes, any gravity theory described by a
diffeomorphism invariant Lagrangian
L ≡ L(gLab, Rabcd,∇aRbcde, · · · ; Ψ,∇aΨ, · · · ), (12)
FIG. 1. Bifurcated Killing horizon h = hI ∪ hII with bifur-
cation surface Σ on (ML, gLab). The regions WI and WII are
defined as the exterior and interior region to the horizon, re-
spectively.
where ∇a is the torsion-free covariant derivative compat-
ible with gLab, Rabcd is the curvature associated with ∇a,
and Ψ represents any matter fields present, satisfies the
first law of black hole mechanics for arbitrary perturba-
tions to nearby stationary black hole solutions [13]. The
entropy in this case will be given by
Sgrav = −2pi
∫
Σ
√
γd2x
δL
δRabcd
abcd, (13)
where ab is the bi-normal to Σ satisfying abab = −2,
x are coordinates on Σ, and γ is the determinant of the
induced metric γab on Σ. Moreover, if any matter field
is quantized its quantum fluctuations would contribute
to the total entropy. Therefore, if φ is a quantum field
prepared in a pure state |ψ〉, observers restricted to region
WI will describe it as
ρˆout ≡ −TrWII |ψ〉〈ψ|,
which is usually a mixed state with von Neumann entropy
Sρˆ ≡ −Tr (ρˆout log ρˆout) . (14)
Although Eq. (14) has a clear physical meaning–it
quantifies the entanglement between field degrees of free-
dom in regions WI and WII–it is not adequate to perform
calculations when one is dealing with QFTs. Next, we
will cast it in a form more suitable for dealing with states
in QFTs. Additionally, this will also give us an alterna-
tive way to compute the gravitational entropy (13). Such
unified formalism for computing Eqs. (13) and (14) will
be very useful in describing the ERG flow of the total
entropy.
For the sake of our calculations, it will be convenient to
consider the analytical continuation of (ML, gLab) to an
Euclidean spacetime (ME , gEab). When this is done, the
Lorentzian Killing field generating h becomes the genera-
tor of rotations around Σ. From now on, all our analysis
will be done in the Euclidean section of the spacetime
4and we will omit the index “E” of Euclidean quantities
unless stated otherwise.
We will rewrite Eq. (14) in a more suitable form by
means of the so-called conical method (or replica trick) [8,
20, 21]. For this purpose, let us first note that we can
write the von Neumann entropy as
Sρˆ = lim
n→1
Sn(ρˆ) (15)
where
Sn(ρˆ) ≡ 1
1− n log Trρˆ
n, (16)
with n ∈ N and n > 1, is the Re´nyi entropy of a state
ρˆ [22, 23]. From Eq. (16) it easy to see that we can cast
the entropy (15) in the form
Sρˆ = − ∂
∂n
log Trρˆn
∣∣∣∣
n=1
(17)
which, by means of an analytical continuation to complex
values, n→ α, with α ∈ C and <(α) > 1, can be written
as [5, 24]
Sρˆ = −
(
α
∂
∂α
− 1
)
log Trρˆα
∣∣∣∣
α=1
. (18)
Now, for the case we are considering, we can write Trρˆα
in terms of an α-dependent effective action Γ(α) satisfy-
ing [5]
e−Γ(α) = Trρˆα, (19)
with which we can cast Eq. (18) as
Sρˆ =
(
α
∂
∂α
− 1
)
Γ(α)
∣∣∣∣
α=1
. (20)
Note that, in order to write the entropy as in Eq. (20),
we have considered the α-fold covering (Mα, gab(α)) of
(M, gab). The manifold Mα has a conical singularity at
Σ with angle deficit δ = 2pi(1−α) which implies that the
scalar curvature picks up a δΣ singularity [25]
R→ R¯+ 4pi(1− α)δΣ, (21)
where δΣ is the Dirac delta distribution on the bifurca-
tion surface Σ and R¯ is the regular part of the scalar
curvature, i.e., the value of R away from Σ (which is the
value of R in M).
Now, as it is shown in [26] (see also [5] and references
therein), when one considers the analytic continuation
of the Lagrangian (12) to (Mα, gab(α)), it is possible to
write the classical gravitational entropy (13) as
Sgrav =
(
α
∂
∂α
− 1
)
ΓΛ [gab(α),Ψ]
∣∣∣∣
α=1
(22)
where
ΓΛ [gab(α),Ψ] ≡
∫
Mα
√
g(α)d4x×
L(gab(α), Rabcd(α),∇αaRbcde(α), · · · ; Ψ,∇αaΨ, · · · ),
(23)
with ∇αa being the torsion-free covariant derivative com-
patible with gab(α) [27].
As a result, the conical method enables one to write in
an unified way the classical gravitational entropy, given in
Eq. (22), and its quantum corrections, given in Eq. (20)
(which amounts to the entanglement entropy in the mini-
mally coupled case). This form will be particularly useful
in the next section when we derive the ERG flow of the
total entropy.
III. THE RENORMALIZATION GROUP FLOW
FOR THE GRAVITATIONAL ENTROPY
Let us consider a non-minimally coupled and self-
interacting real scalar field φ propagating in (M, gab).
Here, we will use the ERGE as a tool to perform the
calculations of the entropy flow. The main object of this
equation is the EAA, Γk[gab, ϕ], which depends on an en-
ergy scale k2, where ϕ ≡ 〈φ〉 is the vacuum expectation
value of the field φ. The EAA satisfies the ERGE [16]
k∂kΓk =
1
2
sTr
[(
Γ
(2)
k +Rk(∇2)
)−1
k∂kRk(∇2)
]
, (24)
where ∇2 ≡ −∇a∇a,
Γ
(2)
k ≡
δ2Γk
δϕδϕ
,
and
Rk(p
2) = k2
(
1− p
2
k2
)
θ
(
1− p
2
k2
)
(25)
is a cut-off function, with θ(x) being the Heaviside func-
tion. Equation (24) contains all the information about
the QFT. The solution of such equation is an element
of the so-called theory space [17], defined as the space
of all possible functionals of the field respecting the un-
derlying symmetries. However, it is not possible to solve
Eq. (24) exactly and thus some approximation method
must be employed. One of the main advantages of using
the ERGE is the possibility of adopting non-perturbative
methods in a consistent way. In our case, we will project
our EAA onto a submanifold of the theory space [28],
i.e., we will choose a truncation in the series expansion
of Γk in which it takes the form
Γk[gab, ϕ] = Γ
EH
k [gab] + Γ
φ
k [gab, ϕ] + Γ
int
k [gab, ϕ], (26)
where
ΓEHk [gab] = −
1
16piGk
∫
M
√
gd4x (R− 2Λk) (27)
is the Einstein-Hilbert action,
Γφk [gab, ϕ] =
1
2
∫
M
√
gd4x ϕ
(−∇a∇a + ξkR+m2k)ϕ
(28)
5is the free part of the scalar field effective action, and
Γintk [gab, ϕ] =
λk
4!
∫
M
√
gd4x ϕ4 (29)
is the self-interaction effective action for φ. Here Gk, Λk,
mk, ξk, and λk are the Newton constant, cosmological
constant, field mass, non-minimal coupling of the field
with gravity, and the self-interaction coupling constant,
respectively. Note that all couplings depend on the scale
k. Here, we are splitting the scalar quantum field as
φ = ϕ+ δφ,
where ϕ = 〈φ〉 is the background field configuration and
δφ is the (not necessarily small) perturbation around ϕ.
The field state is chosen such that the perturbation field
δφ is in the Hartle-Hawking state |0HH〉 [29], which is the
unique renormalizable state invariant under the symme-
tries generating h [30, 31]. In what follows, the back-
ground metric gab will be kept fixed while δφ is quantized
on it.
Let us now use Eqs. (22) and (24) to compute the flow
of the gravitational entropy at a scale k
Sgravk ≡ DαΓk[gab(α), ϕ]|α=1 , (30)
where
Dα ≡ (α∂α − 1) (31)
and Γk[gab(α), ϕ] is the EAA (26) evaluated on the coni-
cal space (Mα, gab(α)). By using Eqs. (21) and (27)-(29)
in Eq. (26) and making use Eq. (30), we find that the
gravitational entropy is given by
Sgravk =
AΣ
4Gk
− 2piξk
∫
Σ
√
γd2xϕ2(x), (32)
where AΣ is the area of Σ. We can see from the above
equation that the first term corresponds to the black hole
contribution to the entropy while the second term is the
Wald entropy coming from the non-minimal coupling of
the field with gravity. Therefore,
Sgravk = S
BH
k + S
wald
k (33)
with
SBHk ≡
AΣ
4Gk
, (34)
Swaldk ≡ −2piξk
∫
Σ
√
γd2x ϕ2(x). (35)
The RG flow of the gravitational entropy will be ob-
tained by acting on both sides of the Eq. (30) with k∂k
and then using Eq. (24), which will appear on its right-
hand side. In order to do so, let us first analyze the form
that Eq. (24) takes on (Mα, gab(α)). By using that
Γ
(2)
k [gab(α), ϕ] = ∇2 +m2k +
λkϕ
2
2
+ ξkR¯+ 4pi(1−α)ξkδΣ
(36)
and defining
Pk
(∇2) ≡ ∇2 +Rk(∇2)
and
qk ≡ m2k + λkϕ2/2,
we can cast Eq. (24) on Mα as
k∂kΓk =
1
2
sTrMα
[
k∂kRk(∇2)
Pk (∇2) + qk + ξkR¯
]
−2piξk(1− α) sTrΣ
[
k∂kRk(∇2)(
Pk (∇2) + qk + ξkR¯
)2
]
+O ((1− α)2) , (37)
where sTrMα and sTrΣ indicate that the functional traces
are taken on Mα and Σ, respectively. Now, let us apply
Dα|α=1 to Eq. (37) and use Eq. (30) to write
k∂kS
grav
k =
1
2
DαsTrMα
[
k∂kRk
(∇2)
Pk (∇2) + qk + ξkR¯
]∣∣∣∣∣
α=1
+ 2piξk sTrΣ
[
k∂kRk
(∇2)(
Pk (∇2) + qk + ξkR¯
)2
]
,
(38)
which is the desired ERGE flow of the gravitational en-
tropy. Note that, in order to be consistent with our ap-
proximation, we will need to project Eq. (38) onto our
(induced) entropy truncation subspace. To do so, let us
expand the right-hand side of the ERGE (38) in powers
of ϕ2 and R¯ as
k∂kS
grav
k =
1
2
Dα sTrMα
[
k∂kRk
(∇2)
Pk (∇2) +m2k
]∣∣∣∣∣
α=1
−λk
4
Dα sTrMα
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2k)2
]∣∣∣∣∣
α=1
+2piξk sTrΣ
[
k∂kRk
(∇2)
(Pk (∇2) +m2k)2
]
−2piξkλk sTrΣ
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2k)3
]
+Fk
(
m2k, λkϕ
2, ξkR¯
)
+O (λ2kϕ4, ξ2kR¯2) , (39)
where
6Fk
(
m2k, λkϕ
2, ξkR¯
)≡ −ξk
2
Dα sTrMα
[
R¯k∂kRk
(∇2)
(Pk (∇2) +m2k)2
]∣∣∣∣∣
α=1
+
λkξk
2
Dα sTrMα
[
ϕ2R¯k∂kRk
(∇2)
(Pk (∇2) +m2k)3
]∣∣∣∣∣
α=1
−4piξ2k sTrΣ
[
R¯k∂kRk
(∇2)
(Pk (∇2) +m2k)3
]
+ 6piξ2kλk sTrΣ
[
ϕ2R¯k∂kRk
(∇2)
(Pk (∇2) +m2k)4
]
. (40)
By using the Heat Kernel expansion of ∇2, the supertraces in Eq. (39) can be computed by using the following
expansions [17, 32]:
sTrMα
[
f
(
Pk(∇2) +m2k
)−l
k∂kRk(∇2)
]
=
1
(4pi)2
∞∑
k=0
Q2−k
[
Wl(∇2)
]
AMαk
[
f,∇2] , (41)
sTrΣ
[
f
(
Pk(∇2) +m2k
)−l
k∂kRk(∇2)
]
=
1
(4pi)2
∞∑
k=0
Q2−k
[
Wl(∇2)
]
Ak
[
fδΣ,∇2
]
, (42)
where l ∈ N, f is a scalar function, and W is given by
W (z) =
k∂kRk(z)
(Pk(z) + qk)
l
=
2k2(1−l)θ(1− z)
(1 + k−2m2k)
l
, (43)
with Rk(z) being given in Eq. (25) and z ≡ p2/k2 being
a dimensionless variable. The Q-functionals are defined
as [17, 32]
Qn[W (∆)] =
1
Γ(n)
∫ ∞
0
dzzn−1W (z), (44)
where Γ(n) is the gamma function, and with the
choice (43) of cut-off function Rk they take the form
Qn
[
Wl(∇2)
]
=
{
2k2(n−l+1)/n!
(
1 + k−2m2k
)l
, n ≥ 0
0 , n < 0
.
(45)
The coefficients AMαk [f,∇2] and Ak[fδΣ,∇2] are given
by [5]
AMα0
[
f,∇2] = ∫
Mα
√
g(α)d4xf, (46)
AMα1
[
f,∇2] = 1
6
∫
Mα
√
g(α)d4xfR¯+
pi
3
(1− α)(1 + α)
α
∫
Σ
√
γd2xf, (47)
AMα2
[
f,∇2] = ∫
Mα
√
g(α)d4xf
[
1
180
R¯abcdR¯
abcd − 1
180
R¯abR¯
ab +
1
72
R¯2
]
+
pi
18
(1− α)(1 + α)
α
∫
Σ
√
γd2xfR¯
− pi
180
(1− α)(1 + α)(1 + α2)
α3
∫
Σ
√
γd2xf
[
R¯ii − 2R¯ijij
]
, (48)
and
A0
[
fδΣ,∇2
]
=
∫
Σ
√
γd2xf, (49)
A1
[
fδΣ,∇2
]
=
1
6
∫
Σ
√
γd2xfR¯, (50)
A2
[
fδΣ,∇2
]
=
∫
Σ
√
γd2xf
[
1
180
R¯abcdR¯
abcd − 1
180
R¯abR¯
ab +
1
72
R¯2
]
, (51)
respectively. Here,
R¯ii = R¯abn
a
i n
b
i ,
and
R¯ijij = R¯abcdn
a
i n
b
jn
c
in
d
j ,
with nai , i = 1, 2, being two orthonormal vectors to Σ. By
using Eqs (46)-(51) in Eqs. (41) and (42) one can write
7the functional traces in Eq (39) as
Dα sTrMα
[
k∂kRk(∇2)
Pk (∇2) +m2k
]∣∣∣∣
α=1
=
−AΣQ1
[
W1
(∇2)]
24pi
,
(52)
Dα sTrMα
[
ϕ2k∂kRk(∇2)
(Pk (∇2) +m2k)2
]∣∣∣∣∣
α=1
= −Q1
[
W2
(∇2)]
24pi
×
∫
Σ
√
γd2xϕ2,
(53)
sTrΣ
[
k∂kRk(∇2)
(Pk (∇2) +m2k)2
]
=
AΣQ2
[
W2
(∇2)]
16pi2
,
(54)
sTrΣ
[
ϕ2k∂kRk(∇2)
(Pk (∇2) +m2k)3
]
=
Q2
[
W3
(∇2)]
16pi2
×
∫
Σ
√
γd2xϕ2. (55)
To cast the functional traces in the above form, we have
used that both Eq. (46) and the first term in Eqs. (47)
and (48) are proportional to α and thus, they will van-
ish after we take the Dα|α=1 derivative. Additionally,
whenever f = 1 or f = ϕ2, the second and third terms
in Eq. (48) as well as Eqs. (50) and (51) produce terms
in the entropy flow which lie outside our truncation sub-
space. As we have pointed out, our choice of trunca-
tion submanifold for the effective action induces a trun-
cation submanifold for the entropy. The terms discarded
in Eqs. (52)-(55) are generated by terms like
c1
∫
M
√
gd4xR2, c2
∫
M
√
gd4xRabR
ab,
c3
∫
M
√
gd4xRabcdR
abcd, c4
∫
M
√
gd4xRRabcdR
abcd,
etc., in the effective action. Since such terms lie outside
our truncation subspace, the contributions they gener-
ate to the entropy also lie outside the induced entropy
truncation submanifold and will vanish when projected
on the later [33]. A completely analogous reasoning is
valid for the term Fk(m2k, λkϕ2, ξkR¯). Since all its con-
tributions will lie outside the truncation subspace, such
a term will vanish when projected on the entropy trun-
cation subspace.
If we now use Eqs. (52)-(55) in Eq (39) we obtain
k∂kS
grav
k =
AΣk
2
8pi
1(
1 +
m2k
k2
)2 [ξk − 13
(
1 +
m2k
k2
)]
+
λk
8pi
(
1 +
m2k
k2
)3 [16
(
1 +
m2k
k2
)
− ξk
] ∫
Σ
√
γd2x ϕ2,
(56)
which gives us the desired flow of the gravitational en-
tropy (33) (projected onto our entropy truncation sub-
manifold) in a spacetime with a bifurcate Killing horizon
and containing a self-interacting and non-minimally cou-
pled real scalar field.
IV. 1-LOOP APPROXIMATION
To study the consequences of ERGE (56), let us make
the so-called 1-loop approximation. This amounts to fix
the couplings on the right-hand side of Eq. (56) as mk =
mΛ, ξk = ξΛ, and λk = λΛ, with Λ being a UV cut-off
scale where the flow begins, i.e., it begins at k = Λ and
goes to k = 0, where all quantum fluctuations have been
integrated out. As a result, we have
k∂kS
grav
k = −
k2
24pi
AΣ(
1 +
m2Λ
k2
) + ξΛk2
8pi
AΣ(
1 +
m2Λ
k2
)2
+
λΛ
48pi
(
1 +
m2Λ
k2
)2 ∫
Σ
√
γd2xϕ2
− λΛξΛ
8pi
(
1 +
m2Λ
k2
)3 ∫
Σ
√
γd2xϕ2. (57)
Our first goal will be to interpret all the terms con-
tributing to Eq. (57). To this end let us start by noting
that we can write the first term on the right-hand side of
Eq. (39) in the 1-loop approximation as
1
2
Dα sTrMα
[(
Pk
(∇2)+m2Λ)−1 k∂kRk (∇2)]∣∣∣
α=1
= k∂k
[
1
2
Dα sTrMα log
(
Pk
(∇2)+m2Λ
Λ
)]∣∣∣∣∣
α=1
.
(58)
By defining the IR effective action on (Mα, gab(α))
Wk(α) ≡ 1
2
sTrMα log
(∇2 +m2Λ
Λ
)
− 1
2
sTrMα log
(
Pk
(∇2)+m2Λ
Λ
)
, (59)
which describes the field degrees of freedom outside the
black hole with energy below k2 [34], we have that
Sentk = DαWk(α)|α=1 (60)
is the IR entanglement entropy of the modes with energy
scale below k2 and thus, Eq. (58) can be written as
1
2
Dα sTrMα
[
k∂kRk
(∇2)
Pk (∇2) +m2Λ
]∣∣∣∣∣
α=1
= −k∂kSentk . (61)
Similarly, the second term of Eq. (39) in the 1-loop ap-
proximation can be written as
8− λΛ
4
Dα sTrMα
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2Λ)2
]∣∣∣∣∣
α=1
= k∂k
[
λΛ
4
Dα sTrMα
(
ϕ2
(
Pk
(∇2)+m2Λ)−1)]∣∣∣∣
α=1
.
(62)
Thus, by defining the IR effective action
Wλk (α) ≡
λΛ
4
sTrMα
[
ϕ2
(∇2 +m2Λ)−1]
− λΛ
4
sTrMα
[
ϕ2
(
Pk
(∇2)+m2Λ)−1] , (63)
which gives the 1-loop contribution due to the self-
interaction coming from low-energy modes (i.e., modes
with energy scale below k2) associated with the regular
region in the conical spacetime, we have that
Sλk ≡ DαWλk (α)
∣∣
α=1
. (64)
Equation (64) provides the 1-loop contribution to the en-
tropy coming from the low-energy modes due to the self-
interaction. (As it will shown next, there is also an 1-loop
contribution due to the self-interaction coming from the
singularity at the “tip” of the cone.) By using Eq. (63)
and (64) in Eq. (62), we can write the second term on
the right-hand side of Eq. (39) as
λΛ
4
Dα sTrMα
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2Λ)2
]∣∣∣∣∣
α=1
= k∂kS
λ
k . (65)
The contributions coming from the functional traces
over Σ in Eq. (39) can be treated in a similar fashion
yielding
(2piξΛ)sTrΣ
[
k∂kRk
(∇2)
(Pk (∇2) +m2Λ)2
]
= k∂k
[
(−2piξΛ)sTrΣ
(
Pk
(∇2)+m2Λ)−1] (66)
and
−(2piξΛλΛ)sTrΣ
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2Λ)3
]
= k∂k
[
(piξΛλΛ)sTrΣ
(
ϕ2
(
Pk
(∇2)+m2Λ)−2)] . (67)
The right-hand side of Eq. (66) has an interesting inter-
pretation. By noting that
sTrΣ
(
Pk +m
2
Λ
)−1
=
∫
Σ
√
γd2x〈δφ2(x)〉freek> , (68)
where the expectation value is with respect to the free
theory (λΛ = 0), gives the quantum fluctuations com-
ing from the high-energy modes (i.e., modes with energy
above k2), we can build the following function:
(−2piξΛ)
[
sTrΣ
(∇2 +m2Λ)−1 − sTrΣ (Pk +m2Λ)−1 ]
≡ (−2piξΛ)
∫
Σ
√
γd2x〈δφ2(x)〉freek<
≡ 〈Swaldk 〉free, (69)
which provides the IR expectation value of Wald entropy
at a scale k. Therefore, by using Eq. (69) in Eq. (66) we
can write
(2piξΛ)sTrΣ
[
k∂kRk
(∇2)
(Pk (∇2) +m2Λ)2
]
= −k∂k〈Swaldk 〉free.
(70)
As for Eq. (67), if we define the entropy
ΣSλk ≡ (piλΛξΛ) sTrΣ
[
ϕ2
(∇2 +m2Λ)−2]
− (piλΛξΛ) sTrΣ
[
ϕ2
(
Pk
(∇2)+m2Λ)−2] , (71)
which will give the IR 1-loop contribution of the self-
interaction to the entropy at a scale k due to the conical
singularity at Σ, we can cast Eq. (67) as
− (2piξΛλΛ)sTrΣ
[
ϕ2k∂kRk
(∇2)
(Pk (∇2) +m2Λ)3
]
= −k∂kΣSλk . (72)
This shows how one can physically interpret each term
in Eq. (39). In order to further confirm that they indeed
give rise to the contributions appearing in Eq. (57), we
perform an independent calculation (whose details can
be found in Appendix A) of the IR entropies given in
Eqs. (60), (64), (69), and (71). The entropy flow gener-
ated by the IR entropies are given by
k∂kS
ent
k =
AΣk
2
24pi
1(
1 +
m2Λ
k2
) , (73)
k∂k〈Swaldk 〉free = −
ξΛk
2
8pi
AΣ(
1 +
m2Λ
k2
)2 , (74)
k∂kS
λ
k = −
λΛ
48pi
1(
1 +
m2Λ
k2
)2 ∫
Σ
√
γd2xϕ2, (75)
k∂k
ΣSλk =
λΛξΛ
8pi
(
1 +
m2Λ
k2
)3 ∫
Σ
√
γd2xϕ2. (76)
As a result, by comparing Eqs. (73)-(76) with the right-
hand side of Eq. (57), we see that we can indeed write
the 1-loop RG flow of the total gravitational entropy as
k∂kS
grav
k = −k∂kSentk − k∂k〈Swaldk 〉free
−k∂kSλk − k∂kΣSλk . (77)
The first and second term of Eq. (77) give the flow of
the entanglement entropy and Wald entropy of modes
9below the energy scale k2, respectively. The two remain-
ing terms come from the IR 1-loop contribution of the
self-interaction to the entropy flow–the third term being
the regular 1-loop contribution while the fourth term is
present due to the conical singularity at Σ.
More interestingly, we note from Eq. (77) that the
quantum contributions appearing in its right-hand side
can be splitted in terms of the IR entanglement entropy
flow (first term) and the IR quantum contributions to the
flow of Wald entropy. As the left-hand side of Eq. (77)
can be written as
k∂kS
grav
k = k∂kS
BH
k + k∂kS
wald
k , (78)
we can see that the quantum corrections preserve the
split between black hole and Wald entropy throughout
the ERG flow.
If we now integrate Eq. (77) from k = 0 to k we obtain
SBH0 + S
wald
0 =
(
SBHk + S
ent
k
)
+
(
Swaldk + 〈Swaldk 〉free + Sλk + ΣSλk
)
, (79)
where
Sentk =
AΣ
48pi
[
k2 −m2Λ log
(
k2 +m2Λ
m2Λ
)]
, (80)
〈Swaldk 〉free = (−2piξΛ)
∫
Σ
√
γd2x〈δφ2(x)〉freek<
=
ξΛAΣ
8pi
[
m2Λ log
(
k2 +m2Λ
m2Λ
)
− k
2(k2 + 2m2Λ)
2(k2 +m2Λ)
]
,
(81)
Sλk =
λΛ
96pi
[
k2
k2 +m2Λ
− log
(
k2 +m2Λ
m2Λ
)]∫
Σ
√
γd2xϕ2,
(82)
ΣSλk =
λΛξΛ
16pi
[
log
(
k2 +m2Λ
m2Λ
)
− k
2(3k2 + 2m2Λ)
2(k2 +m2Λ)
2
]
×
∫
Σ
√
γd2xϕ2, (83)
and we recall that
SBHk =
AΣ
4Gk
, (84)
Swaldk = −2piξk
∫
Σ
√
γd2xϕ2(x). (85)
Therefore, the total (renormalized) black hole entropy,
SBHk=0, which can be partitioned between its effective en-
tropy at a scale k, SBHk , and the IR entanglement en-
tropy of scalar field modes below k, Sentk , remains con-
stant while the balance between these two contributions
changes as we slide the energy scale k2. Similarly, due
to the exact splitting between SBHk and S
wald
k for all k,
the total (renormalized) Wald entropy Swaldk=0 remains con-
stant while the balance between its effective entropy at
a scale k, Swaldk , and the 1−loop contributions due to
modes with energy below k2 changes.
A. Interacting Theories, Entropy, and
Non-Minimal Coupling
Let us now show that there is no mismatch between
the renormalization of the entanglement entropy and the
usual renormalization of the coupling constants coming
from the effective action. In order to see this, let us
use our truncation ansatz (26) into the ERGE (24) to
compute the following flow equations for 1/Gk and ξk
(see Appendix B for the details of the calculations as
well as for the flow equations of the other couplings):
k∂k
(
1
Gk
)
=
k2
2pi
(
1 +
m2k
k2
)2 [ξk − 13
(
1 +
m2k
k2
)]
(86)
for Newton constant and
k∂kξk =
λk
16pi2
(
1 +
m2k
k2
)3 [ξk − 16
(
1 +
m2k
k2
)]
(87)
for the non-minimal coupling. Alternatively, the flow
equation (56) for the entropy together with the explicit
expression (32) for the gravitational entropy will give us
the following results:
k∂k
(
1
Gk
)
=
k2
2pi
(
1 +
m2k
k2
)2 [ξk − 13
(
1 +
m2k
k2
)]
,
(88)
and
k∂kξk =
λk
16pi2
(
1 +
m2k
k2
)3 [ξk − 16
(
1 +
m2k
k2
)]
. (89)
Now, by comparing Eqs. (86) and (87) with Eqs. (88)
and (89), we can see that the flow of Gk and ξk coming
from the ERGE of the effective action and of the entropy
match exactly. As a result, when we take the 1-loop
approximation, our calculations show that the renormal-
ization of the effective action renders the gravitational
entropy automatically finite. Consequently, there is no
mismatch between the renormalization of the coupling
constants coming from the effective action or the gravi-
tational entropy.
The origin of the “puzzle” is the absence of the last
term in (57) [which is highlighted in Eq. (76)] in the
usual 1-loop calculations for the entanglement entropy of
a self-interacting scalar field [14]. However, we see that
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it appears quite naturally when one uses the ERGE (24)
to derive the flow of the total gravitational entropy in
a consistent way. Thus, the concern that the renormal-
ization of ξ coming from the effective action would not
guarantee that the total entropy SgravΛ +S
1-loop
k=Λ would be
finite (and therefore would pose an additional problem
in interpreting the entanglement entropy as the origin of
black hole entropy) is unjustified.
V. CONCLUSIONS
We have considered a non-minimally coupled and self-
interacting quantum scalar field φ in a spacetime with a
bifurcate Killing horizon h and used the ERGE to find
the RG flow of the total gravitational entropy
Sgravk = S
BH
k + S
wald
k
when the IR scale k is varied. We have shown that, in the
1-loop approximation, the contribution of φ to the total
entropy can be splitted in terms of the entanglement en-
tropy of modes below the scale k and the quantum contri-
butions of modes below k to Wald entropy. In particular,
the integrated flow makes it clear that, as k is varied, the
total (renormalized) black hole entropy remains constant
while the balance between the contribution coming from
the effective black hole entropy at a scale k and the IR
entanglement entropy changes. A similar conclusion is
valid for the total (renormalized) Wald entropy. As k
is varied, the balance between the effective entropy at
a scale k and its IR quantum corrections changes while
keeping the total renormalized entropy constant.
In addition, we have shown that the RG flow of the
coupling constants coming from the effective action and
from the entropy match exactly. In particular, when we
take the 1-loop approximation, the renormalization of the
effective action renders the total entropy SgravΛ + S
1-loop
k=Λ
finite. This solves an apparent “puzzle” that appeared
to exist for interacting fields.
In order to answer whether or not all black hole entropy
can be interpreted as entanglement entropy depends on
knowing if gravity at low energy is completely “induced”
by integrating out all quantum field fluctuations [35–37]
or if there is a UV complete quantum gravity theory.
Notwithstanding this, our results show that even for a
non-minimally coupled and self-interacting scalar field,
the entanglement entropy of modes with energy scale be-
low k2 outside the horizon can be seen as responsible for
generating at least part of the black hole entropy.
Appendix A: IR Contributions to the Effective
Action and their Entropy Flow
In this appendix, we perform an independent calcu-
lation of the RG flow of the IR entropies Sentk , S
λ
k ,〈Swaldk 〉free, and ΣSλk . Such calculation will not only show
the expected agreement with each term of Eq. (57) but
also will allow us to interpret them physically as we have
done in the main text.
In order to compute the functional traces appearing
in Eqs. (60), (64), (69), and (71), we first use the Heat
Kernel method to write
1
2
sTrMα log
(
Pk(∇2) +m2Λ
Λ
)
=
1
(4pi)2
∞∑
k=0
Q2−k
[
Wˆ (∇2)
]
AMαk
[∇2] , (A1)
sTrMα
[
f
(
Pk(∇2) +m2Λ
)−l]
=
1
(4pi)2
∞∑
k=0
Q2−k
[
F˜l(∇2)
]
AMαk
[
f,∇2] , (A2)
sTrΣ
[
f
(
Pk(∇2) +m2Λ
)−l]
=
1
(4pi)2
∞∑
k=0
Q2−k
[
F˜l(∇2)
]
Ak
[
fδΣ,∇2
]
, (A3)
where l = 1, 2, f is a scalar function, Wˆ has the form
Wˆ (z) ≡ 1
2
log
[
k2
Λ
(
z +
m2Λ
Λ
+R(0)(z)
)]
, (A4)
and we have defined F˜l(p
2) ≡ k−2lFl(z), with
Fl(z) =
(
z +
m2Λ
k2
+R(0)(z)
)−l
(A5)
and R(0)(z) = (1−z)θ(1−z). By using Eqs. (46)-(51) to
evaluate the supertraces in Eqs. (A1)-(A3) and projecting
onto our entropy truncation subspace we obtain
1
2
Dα sTrMα log
(
Pk
(∇2)+m2Λ
Λ
)∣∣∣∣∣
α=1
= −
AΣQ1
[
Wˆ (∇2)
]
24pi
, (A6)
1
2
Dα sTrMα
[
f
(
Pk
(∇2)+m2Λ)−l]∣∣∣
α=1
= −
Q1
[
F˜l(∇2)
]
48pi
∫
Σ
√
γd2xf, (A7)
sTrΣ
[
f
(
Pk
(∇2)+m2Λ)−l]
=
Q2
[
F˜l(∇2)
]
16pi2
∫
Σ
√
γd2xf, (A8)
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where the Q-functionals present in these three expressions are given by
Q1
[
Wˆ (∇2)
]
= k2
∫ ∞
0
dzWˆ (z) =
k2
2
log
(
k2 +m2Λ
Λ
)
+
1
2
(
Λ +m2Λ
)
log
(
Λ +m2Λ
Λ
)
− Λ
2
+
k2
2
− 1
2
(
k2 +m2Λ
)
log
(
k2 +m2Λ
Λ
)
, (A9)
Q1
[
F˜l
(∇2)] = k2(1−l) ∫ ∞
0
dzFl(z) =

(
1 +
m2Λ
k2
)−1
+ log
(
Λ+m2Λ
k2+m2Λ
)
, l = 1
1
k2
[
2+m2Λ/k
2
(1+m2Λ/k2)
2
]
, l = 2
, (A10)
Q2
[
F˜l
(∇2)] = k2(2−l) ∫ ∞
0
dzFl(z) =

−k4+2m2Λk2
2(k2+m2Λ)
−m2Λ log
(
Λ+m2Λ
k2+m2Λ
)
+ Λ, l = 1
k4
2(k2+m2Λ)
2 +
m2Λ(k
2−Λ)
(k2+m2Λ)(Λ+m
2
Λ)
+ log
(
Λ+m2Λ
k2+m2Λ
)
, l = 2
, (A11)
and we note that whenever one of the integrals above diverge, we have imposed a cut-off, Λ/k2, in its upper limit.
Now, by applying k∂k to Eq. (A6) and using Eq. (60)
we obtain
k∂kS
ent
k =
AΣk
2
24pi
1(
1 +
m2Λ
k2
) , (A12)
which corresponds to the first term on the right-hand side
Eq. (57). Similarly, by taking f = ϕ2 and applying k∂k
on Eq. (A8) with l = 1 and using Eq. (69) we obtain
k∂k〈Swaldk 〉free = −
ξΛk
2
8pi
AΣ(
1 +
m2Λ
k2
)2 , (A13)
giving us the second term in Eq (57). Finally, by setting
f = ϕ2, applying k∂k to Eq. (A7) with l = 1 and l = 2,
and making use of Eqs. (64) and (71), we obtain
k∂kS
λ
k = −
λΛ
48pi
1(
1 +
m2Λ
k2
)2 ∫
Σ
√
γd2xϕ2, (A14)
and
k∂k
ΣSλk =
λΛξΛ
8pi
(
1 +
m2Λ
k2
)3 ∫
Σ
√
γd2xϕ2. (A15)
This gives us the remaining terms present in the right-
hand side of Eq. (57).
Appendix B: ERG Flow of the Coupling Constants
In order to compute the ERG flow of the coupling con-
stants Gk, Λk, mk, ξk, and λk, we will use the ERGE
k∂kΓk =
1
2
sTr
[(
Γ
(2)
k +Rk(∇2)
)−1
k∂kRk(∇2)
]
, (B1)
together with our EAA truncation
Γk[gab, ϕ] = Γ
EH
k [gab] + Γ
φ
k [gab, ϕ] + Γ
int
k [gab, ϕ], (B2)
where ΓEHk [gab], Γ
φ
k [gab, ϕ], and Γ
int
k [gab, ϕ] are given by
Eqs. (27), (28), and (29), respectively, and
Γ
(2)
k [gab, ϕ] +Rk(∇2) ≡ Pk
(∇2)+m2k + rk, (B3)
whith Pk
(∇2) ≡ ∇2 + Rk(∇2) and rk ≡ ξkR + λkϕ2/2.
To be consistent with our approximations, we will need
to project the right-hand side of Eq. (B1) onto our trun-
cation subspace. In order to do this, let us expand it in
powers of rk discarding terms of order O
(
λ3kϕ
6, R2abcd
)
or higher as
12
k∂kΓk =
1
2
sTr
[(
Pk
(∇2)+m2k)−1 k∂kRk (∇2)]− 12sTr
[(
Pk
(∇2)+m2k)−2 k∂kRk (∇2)(ξkR+ 12λkϕ2
)]
+
1
2
sTr
[(
Pk
(∇2)+m2k)−3 k∂kRk (∇2)(λkξkRϕ2 + 14λ2kϕ4
)]
+O (λ3kϕ6, R2abcd) . (B4)
In order to compute the functional traces in the right-hand side of the above equation, we will make use Heat
Kernel expansion of ∇2 to write
sTr
[
fk∂kRk(∇2)
(Pk (∇2) +mk)l
]
=
1
(4pi)2
∞∑
k=0
Q2−k
[
Wl(∇2)
]
AMk
[
f,∇2] , (B5)
where f is a scalar function on M,
A0
[
f,∇2] = ∫
M
√
gd4xf, (B6)
A1
[
f,∇2] = 1
6
∫
M
√
gd4xfR, (B7)
A2
[
f,∇2] = ∫
M
√
gd4xf
[
1
180
RabcdR
abcd − 1
180
RabR
ab +
1
72
R2
]
, (B8)
and
Qn
[
Wl(∇2)
]
=
{
2k2(n−l+1)/n!(1 + qkk2 )
l, n ≥ 0
0, n < 0
, (B9)
with qk ≡ m2k + λkϕ2/2. As a result, by using Eqs. (B5)-(B8) in Eq. (B4) and
projecting onto the truncation submanifold we obtain
k∂kΓk =
1
32pi2
Q2
[
W1(∇2)
] ∫
M
√
gd4x− λk
64pi2
Q2
[
W2(∇2)
] ∫
M
√
gd4xϕ2
+
1
32pi2
(
1
6
Q1
[
W1(∇2)
]−Q2 [W2(∇2)])∫
M
√
gd4xR
+
λk
32pi2
(
ξkQ2
[
W3(∇2)
]− 1
12
Q1
[
W1(∇2)
])∫
M
√
gd4xRϕ2
+
λ2k
128pi2
Q2
[
W3(∇2)
] ∫
M
√
gd4xϕ4 +O (λ3kϕ6, R2abcd) . (B10)
If we now use Eq. (B2) on left-hand side of the above equation and Eq. (B9) on the right-hand side we obtain
k∂k
(
1
Gk
)
=
k2
2pi
(
1 +
m2k
k2
)2 [ξk − 13
(
1 +
m2k
k2
)]
,
(B11)
k∂k
(
Λk
Gk
)
=
k4
4pi
(
1 +
m2k
k2
) , (B12)
k∂km
2
k = −
λkk
2
32pi2
(
1 +
m2k
k2
)2 , (B13)
k∂kλk =
3λ2k
16pi2
(
1 +
m2k
k2
)3 , (B14)
k∂kξk =
λk
16pi2
(
1 +
m2k
k2
)3 [ξk − 16
(
1 +
m2k
k2
)]
,
(B15)
for the RG flow of Newton constant, cosmological con-
stant, field mass, interaction coupling, and non-minimal
coupling, respectively.
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